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4306. Proposed by Marius Drăgan.

Prove that

n  n  1  n  2  n  3  16n  20

for all n  .

Solution by Arkady Alt , San Jose, California, USA.

Let R : n  n  1  n  2  n  3 .Then by Cauchy Inequality we obtain

R  1  n  1  n  1  1  n  2  1  n  3  2  n  n  1  n  2  n  3  16n  24

We have R2 : n  n  1  n  2  n  3
2


4n  6  2 n2  n  2 n2  2n  2 n2  3n  2 n2  3n  2  2 n2  4n  3  2 n2  5n  6 .

Note that

n2  n  n2  2n  2n  1  2n2  3n  2 n2  n  n2  2n  4n2  4n  1 

2 n2  n  n2  2n  2n2  n  1  4n4  12n3  8n2  4n4  4n3  5n2  2n  1 

8n3  3n2  2n  1 and n2  3n  2  n2  4n  3  2n  3 

2n2  7n  5  2 n2  3n  2  n2  4n  3  4n2  12n  9 

2 n2  3n  2  n2  4n  3  2n2  5n  4  4n2  3n  2n2  4n  3  2n2  5n  4
2

8n3  27n2  28n  8  0.

Also note that n2  3n  n  1 and n2  5n  6  n  2

Hence, R2  4n  6  22n  1  n  1  2n  3  n  2  16n  20  16n  20  R.

So, 16n  20  R  16n  24 and remains to prove that 16n  24  16n  20  1.

Let m : 16n  20  1.Then 16n  20  m  16n  20  m2  16n  21  m2.

But 16n  21  m2 because 16n  21  5mod16 and 5 is quadratic non-residue* mod16.

Hence, 16n  21  m2  16n  22  m2 and since 16n  22  6mod16 and 6 is

quadratic

non-residue by mod16 as well we obtain 16n  22  m2  16n  23  m2.

By the same reason as above we obtain

16n  23  m2  16n  23  m2  16n  24  m2  16n  24  m2 because 7 and 8

are quadratic non-residues by mod16.Since

m  12  16n  20  R2  16n  24  m2 then

m  1  16n  24  m  R  16n  24  16n  20 .

* Set of quadratic residues mod16 is 0,1,4,9.
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